The recent observations of supermassive black holes (SMBHs) at high redshift challenge our understanding of their formation and growth. There are different proposed pathways to form black hole (BH) seeds, such as the remnants of the first stars (chapter 4), gas-dynamical processes (chapter 5), direct collapse (chapter 6), or stellar collisions in dense nuclear clusters (chapter 7). In this chapter, we discuss the probability of forming supermassive black holes (SMBHs) via these channels and determine the expected number density of the BH seeds. We start with a brief discussion of the observational constraints on SMBHs at low and high redshift that theoretical models have to reproduce (a more detailed account is provided in chapter 12). We further present the most popular formation channels of SMBHs, discuss under which conditions they can reproduce the observations, and compare various estimates in the literature on the expected number density of SMBHs. To account for the density of quasars at z > 6 requires very efficient gas accretion mechanisms or high BH seeds masses. The bottleneck to obtain sufficiently high number densities of seed BHs with masses > 10 5 M is the interplay between radiative and chemical feedback, which constrains the conditions for primordial, isothermal gas collapse.
The recent observations of supermassive black holes (SMBHs) at high redshift challenge our understanding of their formation and growth. There are different proposed pathways to form black hole (BH) seeds, such as the remnants of the first stars (chapter 4), gas-dynamical processes (chapter 5), direct collapse (chapter 6), or stellar collisions in dense nuclear clusters (chapter 7). In this chapter, we discuss the probability of forming supermassive black holes (SMBHs) via these channels and determine the expected number density of the BH seeds. We start with a brief discussion of the observational constraints on SMBHs at low and high redshift that theoretical models have to reproduce (a more detailed account is provided in chapter 12). We further present the most popular formation channels of SMBHs, discuss under which conditions they can reproduce the observations, and compare various estimates in the literature on the expected number density of SMBHs. To account for the density of quasars at z > 6 requires very efficient gas accretion mechanisms or high BH seeds masses. The bottleneck to obtain sufficiently high number densities of seed BHs with masses > 10 5 M is the interplay between radiative and chemical feedback, which constrains the conditions for primordial, isothermal gas collapse.
Observational Constraints
Although BHs do not emit electromagnetic radiation, the accretion disk around supermassive black holes (SMBHs) converts gravitational energy into heat and the emission of the brightest of these active galactic nuclei can be seen as quasars up to high redshift. From the optically selected quasar sample in the SDSS survey we can determine a lower limit for the abundance of SMBHs with > 10 9 M at z = 6 of about 1/ cGpc 3 (Fan et al., 2006; Venemans et al., 2013; De Rosa et al., 2014) . As we will see below, current models predict sufficiently many massive BH seeds to explain the number of quasars at z > 6. However, the direct collapse (DC) scenario, which produces massive BH seeds (see chapter 5), cannot account for the population of less massive BHs at lower redshift under conservative parameter assumptions (Greene, 2012; Reines et al., 2013) . Moreover, not all halos are able to fuel gas to their centre at high rates over several hundred million years to grow the BH seeds to their final masses (see chapter 10 for the feedback limited growth rates).
The discovery of the Lyman-α emitter CR7 at z = 6.6 might yield another constraint on the number density of direct collapse black holes (DCBHs). The strong Lyman-α and Heii emission with large equivalent widths, the steep UV slope, and the absence of metal lines in the original observation by Sobral et al. (2015) suggests a massive population of metal-free stars with a total stellar mass of ∼ 10 7 M . However, several studies demonstrate that the observational signature is more likely to emerge from an accreting DCBH in the centre of CR7 (Pallottini et al., 2015; Agarwal et al., 2016b; Hartwig et al., 2016; Smidt et al., 2016; Smith et al., 2016; Pacucci et al., 2017) than by a population of metal-free stars, but see Visbal et al. (2016); Bowler et al. (2017) . The expected number density of CR7-like sources is of the order 10 −6 − 10 −7 Mpc −3 (Pallottini et al., 2015; Hartwig et al., 2016; Visbal et al., 2016) , which yields an additional observational constraint on the abundance of the first BHs. However, see also recent observation that challenge the interpretation of CR7 as a DCBH Sobral et al., 2017; Bowler et al., 2017) .
In the next section we will see that stellar mass BHs, as the remnants of the first stars (see chapter 4), are sufficiently abundant and it is not their number density that poses a problem, but rather the necessary mass accretion over more than six orders of magnitude and the associated feedback effects that pose the biggest challenge (see chapter 10). We will hence mostly focus on DCBHs, which are predicted to be born with a higher seed Abbreviation full name SMBH supermassive black hole BH black hole DC direct collapse DCBH direct collapse black hole SN supernova LW Lyman-Werner PDF probability distribution function mass, but which form only under very peculiar conditions and it is worth to investigate the probability of these environmental conditions of DC to assess the likelihood and the halo occupation fraction for DCBHs.
Probability for stellar mass seed black holes
Stellar mass seed BHs of 100 − 1000 M can either form as remnants of the first metal-free stars (see chapter 4) or as a consequence of runaway stellar collisions in metal poor nuclear clusters (see chapter 7). Devecchi et al. (2012) estimate the seed density for these two scenarios with a semi-analytical model of structure formation. Their model confirms recent observations that all halos with masses above 10 11 M host a BH and predicts a BH occupation fraction of 10% for halos less massive than 10 9 M . Habouzit et al. (2016b) demonstrate that the number density of Pop III remnant BHs is 10 −2 cMpc −3 at z < 10, significantly higher than the number density of DCBH seeds in their numerical simulations. We compare the predicted number densities of stellar mass BHs in Fig. 1 , see also Fig 4, chapter 7 . The number density of BH seeds formed by runaway stellar collisions in nuclear clusters in slightly below the number density of Pop III remnant BHs, but both are significantly above the expected number density of DCBHs (see section 3). However, since BH formation via runaway collisions in dense stellar clusters can also occur in slightly metal-enriched gas, this formation channel dominates the mass density of BH seeds at z < 10 ( Devecchi et al., 2012) . In their model, BH form via runaway stellar collision only in the narrow metallicity range 10 −3.5 < Z/Z < 10 −3 , but recent simulations show a wider range of conditions for this BH formation channel (Sakurai et al., 2017; Reinoso et al., 2018; Boekholt et al., 2018) .
Hence, the bottleneck to form SMBHs at high redshift from stellar mass BHs is not the abundance of their seeds but rather the required high ac- Devecchi et al. (2012) and Habouzit et al. (2016b) . To convert from the given mass density in Habouzit et al. (2016b) to number density we assume an average mass of 100 M for Pop III remnant BHs and of 700 M for BHs formed by runaway collisions in dense stellar clusters. The number of Pop III seed black holes in Habouzit et al. (2016b) is a lower limit, because their simulation does not resolve minihalos as potential formation sites of these BHs. The number density of DCBHs is always below 10 −5 cMpc −3 (Habouzit et al., 2016b) , but see chapter 5 for a more detailed discussion.
cretion rate over a sufficiently long time and the associated feedback (see chapter 10). In the following section we will hence focus on DCBHs and quantify the probability to form such a massive BH seed.
Probability for the direct collapse scenario
The idea of forming a massive BH as the result of the monolithic collapse of a proto-galactic gas cloud was first proposed by Rees (1984) . Since then, various flavours of this formation scenario have emerged with different processes triggering the collapse of the cloud: galaxy mergers (Mayer et al., 2010) , gas instabilities (Begelman et al., 2006; Choi et al., 2013) , or contraction due to radiative cooling (Bromm and Loeb, 2003) .
The main requirement for these scenarios is a high mass infall rate so that the accretion timescale of the infalling gas is shorter than the KelvinHelmholtz timescale of the protostar (Hosokawa et al., 2013; Schleicher et al., 2013; Sakurai et al., 2016) . Under this condition, the stellar radius monotonically increases with mass and enough gas can be accreted before the star reaches the main sequence of hydrogen burning. In this section we mostly focus on the DC scenario as a massive BH seed forming as the result of the thermodynamically triggered collapse of a pristine gas cloud with high mass infall rates and suppressed fragmentation. We will also comment on alternatives and explore the formation, such as the formation of massive seed BHs in metal poor gas or under the influence of dust cooling.
Pristine halos that cool mainly by atomic hydrogen are expected to have high mass infall rates, because they isothermally collapse at T ≈ 10 4 K and the inefficient atomic cooling prevents fragmentation of the gas and allows for high mass infall rates (Ṁ in ∝ T 3/2 ). A photodissociating flux from a nearby star-forming galaxy is required to keep the gas atomic. Phrased differently, a pair of halos has to be well synchronised in space and time to trigger DC (Visbal et al., 2014; Regan et al., 2017) : they have to be close enough to generate a sufficiently high photodissociating flux, but they have to be sufficiently far separated to prevent metal enrichment and tidal stripping (Chon et al., 2016; Regan et al., 2017) . Regarding the temporal synchronisation, there is only a short window after the initial starburst in which the LW flux is high enough, but the metal-enriched, supernova (SN)-driven winds have not yet reached the neighbouring halo (Dijkstra et al., 2014; Habouzit et al., 2016b; Hartwig et al., 2016; Agarwal et al., 2016b) .
Atomic cooling halos
The cooling function of hydrogen rises steeply around ∼ 8000 K (see Fig. 3 in chapter 3) and we follow the convention to define halos with T vir 10 4 K as atomic cooling halos. The virial temperature of a halo of mass M at redshift z is given by
for atomic gas of primordial composition (Loeb, 2010) and the critical mass for an atomic cooling halo as a function of redshift is hence given by
The number density of atomic cooling halos can be calculated via PressSchechter theory (Press and Schechter, 1974) as outlined in chapter 2. The latter is based on the assumption of a Gaussian random fluctuation field, employing the results of linear theory to predict when the evolution becomes non-linear. The approach adopted here includes the corrections by Sheth et al. (2001) , yielding:
with ν c = δ crit (z)/σ(M ), where δ crit (z) is the critical overdensity for collapse, σ(M ) is the variance of the density power spectrum at mass M , and ρ m is the mean matter density of the Universe. However, this constrain is not very restrictive because any host galaxy of a SMBH once passed this mass threshold of atomic cooling and was hence a potential candidate for DC. In the next section we will discuss more constraining criteria such as the photodissociating radiation and the absence of metals.
Pristine Gas
In order to prevent fragmentation and maintain a high temperature and hence mass infall rate of the collapsing gas cloud, the halo has to be pristine (but see Omukai et al. (2008) ; Latif et al. (2016) ; Agarwal et al. (2017) for alternative scenarios). Metals are a much more efficient coolant than hydrogen and the higher cooling rate makes gas more susceptible to fragmentation and prevents DC via ordinary star formation. Halos can either be enriched internally by Pop III stars or externally by SN-driven metalenriched winds from nearby star-forming halos and external enrichment seems to be more efficient in suppressing the formation of DCBHs (Dijkstra et al., 2014) . See Figure 2 which illustrates how the fraction of pristine gas and halos evolves with redshift. At z = 4 only 10% of the cosmological volume is enriched with metals, see also Johnson et al. (2013) . However, this volume filling factor also accounts for voids without star formation. When we consider atomic cooling halos as the halos of interest for DC, Latif et al. (2016) find that more than half of them are still pristine until z ≈ 9 (see Figure 1 of chapter 5). These candidate halos have not been externally enriched and also star formation in these halos was suppressed by e.g. a photodissociating background (Machacek et al., 2001) . Considering this criterion for DC independently may not seem very constraining, because every second target halo is still pristine at the redshift of interest. However, we discuss in the next section that DC generally requires a nearby star-forming galaxy, which drastically reduces the probability of not being polluted by metals. 
Photodissociating Radiation
A photodissociating LW flux is another crucial ingredient for DC. The concept of a critical flux threshold, J crit , above which a DCBH can form is well established in the literature, but there is no consensus on its value and most likely it is a distribution of critical values depending on e.g. the spectral shape of the stellar population (Shang et al., 2010; Sugimura et al., 2014) , the anisotropy of the illuminating flux (Regan et al., 2014 (Regan et al., , 2016b , the treatment of H 2 self-shielding (Wolcott-Green et al., 2011; Hartwig et al., 2015) , the details of the chemistry model (Glover, 2015a,b) , and the star formation history (Agarwal et al., 2016a) . We refer here also to the detailed discussions on this topic in chapter 3 on chemistry and chapter 5 on the determination of J crit from dynamical simulations and on its dependence on the radiation spectrum. Although there is no universal value for J crit , it is convenient to quantify the importance of different effects by this value.
Once we have chosen a threshold value for DC, we can quantify the probability to find a pristine atomic cooling halo that is exposed to a LW flux above this threshold. In this section we will review and summarise different models to address this question and to derive the number density of DCBH formation sites. We use the standard notation for the LW flux and express its intensity in units of J 21 = 10 −21 erg s
The build-up of the cosmological LW background is self-regulated (Johnson et al., 2008), because a high flux suppresses star formation and hence the production of further LW photons. The mean value in the redshift range z = 10 − 20 is of the order a few times 10 J 21 (Dijkstra et al., 2008; Ahn et al., 2009; Holzbauer and Furlanetto, 2012; McQuinn, 2012; Agarwal et al., 2012; Dijkstra et al., 2014; Chon et al., 2016) , but possible formation sites for DC are hidden in the high-end tail of the J LW distribution. Ahn et al. (2009) present the first self-consistent radiative transfer calculations of the inhomogeneous LW background. By using high-resolution N-body simulations and an equivalent gray opacity for the radiative transfer they show that the LW background is inhomogeneous and correlates with the clustering of large-scale structure. In contrast to ionising photons in the high redshift Universe, LW photons can travel cosmological distances due to the small pre-reionisation H 2 abundance of ∼ 10 −6 and hence an optical depth of τ LW < 1 (Shapiro et al., 1994) . However, due to the expansion of the universe they get redshifted out of the LW bands and can no longer contribute to H 2 photodissociation once their energy is below ∼ 11.5 eV (see also Haiman et al. (2000) for a discussion of radiative transfer of LW at high redshift on cosmological scales). Ahn et al. (2009) define the "LW horzion" as the maximum comoving distance from a source that an H 2 dissociating photon can reach and determine this radius to be ∼ 100 α cMpc, with
where z s is the redshift of the source. Within this LW horizon the cosmic expansion reduces the effective LW flux by
where r cMpc is the distance from the source in comoving Mpc.
Due to the long mean free path of LW photons, many sources contribute to the local flux and Dijkstra et al. (2008) find that > 99% of all halos are exposed to a LW flux within a factor of two of the mean value. They calculate the LW background based on the clustering of halos and account for the non-linear Eulerian bias of the two-point correlation function (Iliev et al., 2003) , which fits the correlation function derived in N-body simulations. Accounting for this non-linear bias is crucial since we are especially interested in close pairs of halos, which are the most promising candidates for DC (Dijkstra et al., 2008; Visbal et al., 2014; Regan et al., 2017) . The differential probability to find a halo of mass M at redshift z in the distance r to an atomic cooling halo is given by
where ξ(M ac , M, r, z) is the two-point correlation function, which yields the excess probability to find two halos of masses M ac and M at distance r, and dn/dM denotes the Press-Schechter mass function (Press and Schechter, 1974; Sheth et al., 2001) . Dijkstra et al. (2008) model the LW luminosity of each halo by randomly sampling from a log-normal distribution of UV luminosities per unit star formation rate, P 2 /d log(L LW ). The probability distribution function (PDF) of a given atomic cooling halo to be exposed to a LW flux J LW is hence given by
Dijkstra et al. (2008, 2014) ; Inayoshi and Tanaka (2015) assume M min = M ac , but the choice of the minimal radius r min is debated, because its value is crucial: small values will populate the high-end tail of the PDF because the flux scales with the inverse square of the distance, but a too small value is physically prohibited to prevent external enrichment of the atomic cooling by the star forming halo and to prevent tidal stripping due to dynamical effects (Chon et al., 2016; Regan et al., 2017) . We refer to Dijkstra et al. (2008) for a discussion of how the choice of r min (and other model parameters) affects the PDF of J LW . The high-end tail of the PDF is dominated by close pairs of halos and the illuminating flux, as seen by the atomic cooling halo, should hence be highly anisotropic (Regan et al., 2014 (Regan et al., , 2016a . Moreover, the relative velocity of this close pair of halos is relevant for the escape fraction of LW photons out of the star-forming galaxy, because photons might be shifted into the LW bands in the far-field (Schauer et al., 2015; Schauer et al., 2017) .
In Dijkstra et al. (2014) they improve their previous model by explicitly accounting for pollution by metal-enriched winds from the star forming galaxy. They approximate the radius of the metal enriched region around a star-forming halo by
where M * is the stellar mass and n the density of the gas into which the SN-driven metal bubble expands. Based on this metal polluted radius, Dijkstra et al. (2014) correct the PDF of J LW (Eq. 7) by multiplying it with Θ(r − r metals ) to exclude atomic cooling halos as potential candidates for DC if they are too close and already polluted. This approach was also used in Habouzit et al. (2016a) ; Hartwig et al. (2016) to estimate the likelihood of finding DCBH candidates. A comparison of the literature on the PDF of J LW can be seen in Figure 4 . All studies broadly agree on the shape and mean value, which increases with decreasing redshift and all studies predict potential DCBH hosts, which are exposed to a flux above J crit ≈ 10 2 − 10 3 . The final density of DCBHs depends crucially on the high-end slope, which differs amongst the authors. (2015), who follow the approach by Dijkstra et al. (2008 Dijkstra et al. ( , 2014 , find an even steeper slope of dp/d log(J LW ) ∝ J −5 LW in the range 10 3 J LW 10 4 . They attribute this discrepancy to the choice of r min .
The sharp cut-off at low J LW is due to the very long mean free path of LW photons and hence the mean, median, and minimum value of this distribution are very close. The less sharp cut-off at low J LW in Johnson et al. (2013) ; Chon et al. (2016) is caused by the smaller box size and the hence smaller number of sources contributing to the local flux. In the other studies, the box sizes are larger or they implicitly account for the LW background radiation by the cosmic star formation history.
Another crucial question is for how long an atomic cooling halo has to be exposed to a photodissociating flux above J crit for it to collapse isothermally. The collapse time of the gas core of a typical atomic cooling halo is t coll ≈ 10 Myr at z = 10 (Visbal et al., 2014) with t coll ∝ (1 + z) −3/2 . Other authors require the conditions for DC to be fulfilled over at least the freefall time, which is of the order 100 Myr at the redshifts of interest and yields more conservative estimates (Dijkstra et al., 2014) . Habouzit et al. (2016b) analyse the impact of the choice of the collapse time on the probability to find DCBH candidates and find a significant difference: At Dijkstra+08, RT, z=10 Dijkstra+08, noRT, z=10
Ahn+09, z=8 Ahn+09, z=10 Johnson+13, z=10 Agarwal+12, z=9
Chon+16, z=9 In their fiducial model (noRT) they assume the IGM to be transparent to LW photons and in their second model with radiative transfer they account for intergalactic H 2 , which reduces the contribution from far away sources and hence the mean and minimum value of the PDF. However, the distribution at high J LW is not affected by intergalactic absorption, because it is dominated by close pairs of halos. z = 7.3 they find 17 (3) DC formation sites in their computational volume for an assumed collapse time of 10 Myr (150 Myr). Chon et al. (2016) demonstrate that the requirement of having a flux of at least J crit at the time of virialisation of the atomic cooling halos is too strict for DC. They reduce the LW intensity artificially to 2% of its original value at virialisation and still find the halo to collapse isothermally. They argue that the local flux increases over time due to the approaching halos by an order of magnitude and that lower intensities than previously thought are sufficient to induce DC, also see Fernandez et al. (2014) .
Tidal and ram pressure stripping
The conditions for DC are generally met in close halo pairs, where one halo provides the photodissociating radiation and the other one is still pristine and about to pass the mass threshold of atomic hydrogen cooling. However, dynamical effects such as tidal forces and ram pressure stripping can no longer be neglected for the thermal evolution of the gas collapse (Chon et al., 2016) . Tidal stripping occurs in close pairs of galaxies, where the tidal force exerted by the more massive galaxy results in an effective transfer of gas and stars from the lower mass to the more massive galaxy. Ram pressure stripping can expel gas out of the gravitational potential of a galaxy that moves with a sufficiently high relative velocity with respect to the ambient medium.
To study these dynamical effect of the environment, Chon et al. (2016) select DC candidate halos in a semi-analytical model and perform 3D hydrodynamical follow-up simulations of these pristine atomic cooling halos that are illuminated by a sufficiently high LW flux. Out of 42 selected halos they find only two successful candidates and show that tidal forces and ram pressure stripping prevent the gas collapse in the other cases.
They also point out that while minor mergers tend to disrupt the gas distribution and prevent collapse, major mergers rather help in triggering the collapse due to the induced gravitational instability at the halo centre, caused by the asymmetric mass distribution on large scales, also see Mayer et al. (2010 Mayer et al. ( , 2015 . In summary, they find that only 5% of the atomic cooling halos that are pristine and illuminated with J LW ≥ J crit eventually collapse to form a DCBH.
Density of direct collapse seed black holes
In this section, we compare different estimates for the probability to form DCBHs, their expected number density, and the resulting occupation fractions. As we have seen before, the PDF to find pristine atomic cooling halos exposed to a certain LW flux (Eq. 7) can be calculated analytically (Dijkstra et al., 2008 (Dijkstra et al., , 2014 Inayoshi and Tanaka, 2015) , by post-processing cosmological N-body simulations (Ahn et al., 2009; Agarwal et al., 2012) , or by performing cosmological simulations (Johnson et al., 2013; Agarwal et al., 2014; Habouzit et al., 2016a; Chon et al., 2016) . The number density of DCBHs can then be approximated by
However, this approach assumes that all pristine atomic cooling halos that are exposed to > J crit collapse to a DCBH, but the analytical and semianalytical models do not account for hydrodynamical effects such as tidal or ram pressure stripping. Chon et al. (2016) show that these effects can reduce the number number density of DCBHs by more than one order of magnitude. A comparison of the number density of DCBH as a function of redshift by different authors can be seen in Figure 3 .5. The number density increases with decreasing redshift and with de-creasing J crit , but even for the same value of J crit the absolute values of the number density differ by several orders of magnitude. All studies agree that chemical enrichment from previous star formation in progenitor halos or by metal-enriched winds from nearby star-forming halos play a crucial role in determining the final number density of DCBHs. Also the implementation of SN feedback strongly affects the possibility to form a DCBH (Habouzit et al., 2016a) . Hydrodynamical simulations suffer from the limited volume which allows in some cases only for upper limits on the DCBH density (Agarwal et al., 2014; Habouzit et al., 2016a) . Other simulations find values of 2.5 × 10 −4 cMpc −3 for J crit = 100 (Chon et al., 2016) and (0.1 − 5) × 10 −6 cMpc −3 for J crit = 300 (Habouzit et al., 2016b) . Using an analytical estimate for the clustering of halos, Yue et al. (2014) find that the DCBH mass density rises from ∼ 5 M Mpc −3 at z ∼ 30 to the peak value ∼ 5 × 10 5 M Mpc −3 at z ∼ 14 in their fiducial model. However, the abundance of accreting DCBHs decreases after z ∼ 14, because potential formation sites get either polluted or photoevaporated. We refer the interested reader to Habouzit et al. (2016a) for a more detailed quantitative comparison of the different semi-analytical models. Bellovary et al. (2011) use cosmological simulations to derive the BH occupation fraction and they show that halos with M > 3 × 10 9 M host massive BHs regardless of the efficiency of seed formation. Habouzit et al. (2016a) find, based on post-processing state-of-the-art cosmological simulations (Dubois et al., 2014) , that ∼ 30% of halos more massive than 10 11 M at z = 6 have at least one progenitor that fulfils the conditions for DC, assuming a critical value of J crit = 30. However, this occupation fraction is a strong function of the critical flux and falls below 1 − 10% for J crit > 100. In Habouzit et al. (2016b) they confirm an occupation of ∼ 10% for Pop III remnant BHs and an occupation fraction of the order 10 −6 − 10 −5 for DCBHs, also see Tanaka and Haiman (2009) . Although there are still large theoretical uncertainties in the number density of DCBH formation sites, caused by e.g. the model of metal enrichment, the value of J crit , or the necessary duration of the photodissociating feedback, all models are able to yield more than 1 DCBH per Gpc 3 by z = 6, which is the lower limit set by current observations. The most optimistic scenarios are even able to explain the majority of BHs in local galaxies via the DC scenario. The remaining bottleneck is to grow these seed BHs to SMBHs by circumventing the self-regulating accreting feedback as we will see in the next chapter.
In this chapter, we presented the rather consensual picture on the sta-tistical predictions on BH formation in the early Universe. However, we note that most presented results are subject of ongoing debate and reality might lie beyond what we currently assume to be realistic. We have presented DC as a promising pathway to form massive BH seeds, but other formation channels than the isothermal collapse may also be relevant, or different scenarios, such as runaway collisions in the first stellar clusters could be more efficient than we have assumed (Katz et al., 2015; Sakurai et al., 2017) . Some predictions based on the latter scenario were therefore presented in chapter 7. Within the framework of the DC, the conservative conditions that the gas for the BH formation via gas-dynamical processes has to be pristine might be too strict and BH seed formation may also be possible in gas that is slightly enriched with metals or dust (Omukai et al., 2008; Mayer et al., 2015; Latif et al., 2016; Agarwal et al., 2017) , see also discussion in chapter 6. All these caveats affect the predicted formation efficiency and number density of BH seeds in the early universe. The statistical predictions on the abundances of seed black holes are of course only the first step. In the next chapter 10, we will describe their further growth in the presence of feedback, while scenarios for superEddington accretion are outlined in chapter 11. The subsequent chapters describe both the current observational status as well as future prospects.
